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Passive Spatial Confinement of Impulsive Responses in
Coupled Nonlinear Beams

Alexander F. Vakakis*
University of Illinois, Urbana, Illinois 61801

A system of weakly coupled, geometrically nonlinear beams is examined. A Galerkin procedure is used to
express the motions of the two beams in terms of their linearized flexural modes. Transient, impulsive excitations
are considered, and the response of the system is analytically and numerically computed. For small values of a
coupling nonlinear parameter, the vibrational energy injected into the system is proved to localize mainly at the
directly forced beam, and only a small portion of this energy "leaks" to the unforced one. This passive, transient
motion confinement is solely due to nonlinear localized modes of the unforced system, and it becomes more pro-
found for stronger impulse excitations, and as the nonlinearity increases and/or the coupling stiffness connecting
the two beams decreases. In the absence of nonlinearity, the injected vibrational energy is continuously trans-
ferred between the two beams, and thus no passive motion confinement is possible. Numerical integrations are
used to verify the theoretical predictions. The implications of these findings on the passive and active isolation of
flexible, nonlinear periodic structures are discussed.

I. Introduction

REPETITIVE structures are common in engineering practice.
They consist of a number of identical substructures coupled

by means of resilient elements. Such systems are commonly used
in aerospace and turbomachinery applications: an assembly of he-
licopter blades can be regarded as a cyclic system of highly flexi-
ble (and hence geometrically nonlinear) coupled beams, periodi-
cally stiffened plates and shells are used for a long time as parts of
aeroplane fuselages, and continuously shrouded bladed disk as-
semblies are essential parts of all turbomachines. In this work, a
system consisting of two linearly coupled isotropic beams will be
considered to model a two-helicopter blade assembly. Because of
the flexibility of the beams, geometric and inertial nonlinearities
occur, giving rise to a variety of nonlinear phenomena, having no
counterpart in existing linear or linearized theories. In particular,
for weak interblade coupling and/or strong blade nonlinearities,
the assembly will be shown to possess nonlinear localized modes
of vibration. The implementation of the mode localization proper-
ties of this system in the design for passive motion confinement of
external disturbances is the main objective of this work.

In a number of recent works, the phenomenon of mode localiza-
tion in "perturbed" linear periodic systems was investigated.1"5 In
these references it was shown that the (extended) normal modes of
weakly coupled, symmetric linear systems become localized when
weak perturbations of the periodicity are introduced. Linear mode
localization was detected when the coupling between subsystems
was of the order or smaller than the spread in natural frequencies
of the component systems. The phenomenon of mode localization
in discrete periodic oscillators with nonlinear stiffnesses was ana-
lytically and numerically studied in Refs. 6-8. This was accom-
plished using the notion of "nonlinear normal mode,"9 i.e., of a
free motion during which all coordinates of the system oscillate
equiperiodically, reaching their extremum values at the same in-
stant of time. As pointed out in other works,10"12 although super-
position of modal responses is not valid in nonlinear systems,
forced nonlinear steady-state motions occur in the neighborhoods
of the nonlinear normal modes (as in linear systems); thus, the ex-
amination of nonlinear normal modes provides valuable insight
into the dynamic response of discrete nonlinear oscillators. Re-
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cently, the notion of "nonlinear normal mode" was extended to
one-dimensional nonlinear continuous systems.13'14

In Ref. 8, a discrete cyclic system composed of n identical sub-
structures possessing grounding nonlinearities of the third degree
and linear coupling stiffnesses were studied. In all numerical ex-
amples, it was found that, for sufficiently weak coupling between
substructures [of 0(e), lel«l], the periodic system contained a
"strongly" localized mode during only one coordinate vibrated
with 0(1) amplitude, the remaining coordinates oscillating with
amplitudes of at least 0(e). Moreover, this "strongly localized"
mode was found to be orbitally stable and thus physically realiz-
able. Some additional results on nonlinear normal modes were re-
cently reported in Ref. 15, where a new methodology for detecting
nonlinear normal modes was described; this method is based on
the computation of invariant manifolds for the motion and is valid
even for systems with damping.

Localized modes in linear cyclic assemblies of beams modeling
large space reflectors were investigated in Refs. 4, 5, and 16. Lin-
ear mode localization in such flexible structures occurred only in
the presence of structural disorders, and the localized linear modes
were investigated both analytically and numerically. It was shown
that higher flexible modes were more susceptible to localization
than lower ones. Moreover, the strength of the localization phe-
nomenon was found to depend on the position of the coupling
stiffness. A recent experiment17 proved the existence of certain
linear localized modes in a circular antenna with 12 flexible ribs
and a gimbaled central hub. In accordance with existing theories,
the "second bending group" of the antenna (ribs oscillating in their
second flexible mode) was more effectively localized than the first
group. Moreover, stronger localization was observed with increas-
ing modal band. Mode localization in systems of flexible nonlin-
ear beams was first examined in Ref. 18. In that work, a configura-
tion of two coupled, geometrically nonlinear beams was
investigated. A variety of localized modes was determined. The
topology of the localized branches of modes was found to be
greatly influenced by an "internal resonance" existing between the
second and third linearized cantilever modes and by the position
of the coupling stiffness.

A number of existing works investigate the spatial confinement
of propagating disturbances in structures with localized modes. In
Ref. 19, localization of propagating disturbances in one-dimen-
sional disordered coupled oscillators and in beams with irregularly
spaced constraints is studied using ensemble-averaging proce-
dures. Analytic and numerical logarithmic averages for the trans-
mission of disturbances along such systems were given. In Ref. 20,
a wave propagation formulation for studying transmission in disor-
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dered periodic systems is adopted. Multiplication of random trans-
mission matrices is carried out to compute the "localization fac-
tors" inside the passbands of the unperturbed system. An extension
of these statistical analyses was given in Ref. 21, where theoretical
results on the localization factors were confirmed by Monte Carlo
simulations. Localization of flexural propagating waves along a
fluid-loaded plate with an irregular array of line attachments is
presented in Ref. 22. A structural acoustics formulation is adopted
in that work, and localization is studied by means of numerical
simulations. Additional numerical computations of motion con-
finement of external disturbances due to mode localization were
carried out for models of linear4'5'23 and nonlinear8 structures.
These works demonstrated the beneficial effects of the mode local-
ization phenomenon on the passive and/or active vibration isola-
tion of periodic systems. This is because in a structure with local-
ized modes the energy induced from an impulse in any of its
substructures remains confined to that substructure and does not
"spread" throughout the remaining system. Motion confinement
due to nonlinear mode localization in impulsively loaded cyclic
systems was demonstrated in Ref. 8, where the impulsive response
of a nonlinear cyclic system with 50 degrees of freedom (DOF)
was numerically computed using a finite element technique. For
sufficiently weak coupling and no disorder, the energy of the im-
pulse was confined to the point of its application, in contrast with
the corresponding linear system where the energy "leaked" to the
other components of the system. This motion confinement in the
nonlinear system was attributed to the nonlinear localized modes,
which did not exist in the corresponding linear structure.

The present work investigates the passive motion confinement
properties of a system of two coupled, geometrically nonlinear
beams. In Sec. II, the mathematical model is described and the
nonlinear localized modes of the system are discussed. In Sec. Ill,
both beams are forced to vibrate in their first cantilever mode, and
motion confinement of a general class of induced impulses is
proved analytically and numerically. An extension of the analysis
for the case of three cantilever modes per beam is carried out in
Sec. IV. A discussion of the implications of the main findings of
this work is given in Sec. V.

II. Nonlinear Localized Modes of the Unforced System
The flexible system under consideration is shown in Fig. 1. The

structure consists of two isotropic, linearly elastic beams of identi-
cal material properties and dimensions, which are coupled by
means of a linear stiffness. Assuming no out-of-plane components
of motion and increased beam flexibility, the nonlinear relation be-
tween curvature and transverse displacement and the longitudinal
inertia of the beams give rise to geometric nonlinearities that can
greatly influence the dynamic response.24"27 Assuming that the
beams are rigidly fixed to a non-moving rigid base and that weak
coupling stiffness K=ek exists, wj161"6 lel«l> a rescaling of the
transverse displacements, vp
erning equations of motion:

1/2
> 8 Vn leads to the following gov-

Vptt + Vpxxjcx
 :

C ( V W V n

- 8 (kL4/EI) (vp (l/L, t) - vm (l/L, 0 ] 6 (JC-//L) +Fp (x,p

=0(e) , p , i w = l , 2 , (1)

where vp and up denote the transverse and longitudinal displace-
ments of beam p, and x denotes the arclength per unit length of
the two beams. In Eq. (1), t is the scaled time, defined by t
= 1 (£7/pL4)1/2, where T represents physical time, E the modulus
of elasticity of the material of the beams, / the moment of inertia
of the cross section of the beams about axes orthogonal to the
plane of their motion, and p the material density per unit length.

In Eqs. (1), no shear deformations of the cross section nor any ro-
tary inertia effects are taken into account. The first nonlinear
term in the right-hand side of Eqs. (1) is due to the nonlinear rela-
tion between the curvature and the transverse displacement, and
the second nonlinear term represents the nonlinear coupling ef-
fects due to the nonlinear longitudinal inertia of the beam. Note
that expressions (1) indicate that the longitudinal displacement
u(x, t) is of higher order than the transverse displacement v(;c, t)
and therefore of much smaller magnitude and importance. In the
following analysis, longitudinal motions are neglected.

For small values of 8, Eqs. (1) form a set of weakly nonlinear
and weakly coupled partial differential equations. This set can be
discretized by expressing the transverse displacements vp(x, t) in
the following series form:

(2)

where the functions §m(x) are the normalized cantilever eigen-
functions of the linear parts of Eqs. (1) (corresponding to 8 = 0) and
qpm(i) new generalized coordinates. Substituting Eq. (2) into Eqs.
(1), premultiplying by the /th normalized eigenfunction ^/(jc), inte-
grating from ;c=0 to 1 with respect to the spatial variable, and
using the orthogonality properties of the linearized eigenf unctions,
one obtains the following set of ordinary differential equations for
<?„,«:

{ n n n ,-
X^ V V I2,4 z~i sLi\ ai

WpkQpl' tt 2^ ' ki L
-J ,. ^

b

(3)
where the first subscript of qpi represents the beam number, p = 1,
2, p- 3 = 1, and the second subscript denotes the order of the lin-
earized mode shape, /= 1, 2, . . ., n. The various terms in Eq. (3) are
defined as follows:

aibkl =

F p i ( t ) = (4)

where prime denotes differentiation with respect to the argument.
The numerical values for some coefficients of Eqs. (4) are pro-
vided in Ref. 18.

Fig. 1 Flexible nonlinear assembly under consideration.
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The objective of the present work is to study the response of sys-
tems (1) and (3) due to general impulsive excitationsFpi(f). Before
analyzing the forced responses, it is of interest to review the non-
linear mode localization properties of the unforced system, corre-
sponding to Fpi(t) = 0 in Eq. (3). A detailed dynamic analysis of the
unforced system was carried out in Ref. 18 by employing the
method of multiple scales. To this end, the responses qpi in Eq. (3)
are expressed in the following form:

G)2022022 = (1/2) Y22 [a22-ancos (012-022) ]

(5)
where T0 = t and 7^ = 8f are "fast" and "slow" time scales,24 respec-
tively, Aip(Ti) are complex amplitudes, (•) denotes the complex
conjugate, and Cfy is the natural frequency of the fth linearized can-
tilever mode. The complex amplitudes in Eq. (5) are computed by
substituting Eq. (5) into Eq. (4) and eliminating "secular terms" of
the 0(e) equations, i.e., terms that lead to unbounded and, thus,
nonuniformly valid solutions in time.18 At this point, it is noted
that a low-order "internal resonance" exists between the second
and third flexural cantilever modes (J)2(X) and ̂ (x), since their cor-
responding linearized natural frequencies are nearly integrably re-
lated: co3~3o)2. Such a low-order "internal resonance" is well
known24"27 to lead to nonlinear transfer of energy between the as-
sociated linearized modes and hence is expected to influence the
nonlinear mode localization in the flexible system under consider-
ation. To study the effects of this low-order internal resonance one
introduces a "detuning" parameter a defined as

co3 = 3oo2 + eo (6)

Parameter a quantifies the closeness of the multiples of the natural
frequencies of the modes participating in the internal resonance.
Truncating expression (2) to three modes per blade (n = 3), ex-
pressing the complex amplitudes as

) = (1/2) api(

where api and Qpi are real amplitudes and phases, substituting Eq.
(5) into Eq. (3), and eliminating "secular terms," the following set
of differential equations governing the amplitude and phase modu-
lations is derived:

Model:

o>Xi = (l/2)y11a21sin(021-011)

coX21= -(l/2)y11ansin(e21-eil)

2ie2i =(l/2)Y11[a21-a11cos(011-021)]-(«21/8) ^r\lka\k
k= i

(7a)
Mode 2:

tf22sin (022-012)

al3a2
nsin (013-3012 + a

tf12sin (012-022)

a23a22sin (023-3022 + a^)

20120;2 = ( 1/2) Y22 K2-022cos (022-012) ]

3

- (a12/8)

-(a22/8) (923-3622 + o,r,)

(7b)
Mode 3:

a>3a'13 = ( 1/2) Y33«23si

-(8/8)^2sin(013-3012 + a1T1)

CG3a23 = ( 1/2) Y330 13sin (013-023)

- (5/8) fl22sin (023-3022 + a^)

G)3a 130'13 = ( 1/2) Y33 [an-a23cos (023-013) ]

3

- (fl13/») £ T13X* - (8/8) <4cos (013-3012
k= i

^cos (013-023) ]

2cos (e23-3922
k= 1

In Eqs. (7), primes denote differentiation with respect to the
"slow time" Jj. The various parameters appearing in Eqs. (7) are
defined as

~ 2

(7c)

^2232 (co3 - co2)2 + 2co2Z?2322 - a2223 - a2232 - a2322

(8)

The free nonlinear periodic solutions of the system are investigated
by replacing the angle variables Bpi with the new phase variables
01= 02i-0n, 02= 022-0i2, 03= 023-0i3, and Y1 =
013 — 3012 + GT^ and reducing Eqs. (7) to a set of 10 autonomous
ordinary differential equations of first order.18 The periodic solu-
tions of the system are then obtained by imposing stationary condi-
tions on the amplitude and phase variables, i.e., by setting a'pi - 0,
<D^ = 0, and ̂  = 0 in the reduced set of equations, and solving the
resulting set of stationary algebraic equations. This calculation was
performed in Ref. 18, where it was found that certain of the period-
ic solutions of the system are localized. During such motions (lo-
calized normal oscillations), the modal amplitudes of one beam are
much larger in magnitude than the corresponding amplitudes of the
other beam, and thus the vibrational energy is spatially confined
and nearly restricted to only one of the two subsystems. In a local-
ized normal oscillation, the motions of the two beams are approxi-
mately given by

vp (x, o - cos + 0 (e) } <», (*)

(9)

* = 1

where a*pi and 0*, (eO denote the localized modal amplitudes and
angles, obtained by solving the stationary equations. The stability
of the periodic solutions (9) can be studied by Floquet analysis,
i.e., by forming the appropriate system of linear variational equa-
tions in terms of the amplitude and phase modulations and comput-
ing the eigenvalues of the associated Floquet matrix.24

It turns out that there exist two basic classes of localized nonlin-
ear modes in the system. The first category involves participation
of only the first cantilever mode of the two blades, i.e., (2*^0,
a2l ^ 0, tf*/=0, p= 1, 2, and / = 2, 3, and the localized modes are
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Fig. 2 Nonlinear mode localization for beams oscillating in a) their
first cantilever mode and b) in their second and third cantilever
modes; —————, stable modes and -----, unstable modes.

depicted in Fig. 2a. Note that nonlinear localization depends on the
ratio 7* = Yn/lT|iil. From definitions (4) and (8) it can be seen that
yn is a parameter related to the strength and position of the cou-
pling stiffness, whereas r\n relates to the geometric nonlinearities
of the beam. As r —» 0, the bifurcating modes become localized,
lim r _^ 0 { a f i la *j)} = 0 or °°, and the energy of the corresponding
free motion is mainly confined to only one of the two beams (Fig.
2a). When r increases, the localized branches become nonlocalized
and eventually coalesce with the antisymmetric mode in a Hamil-
tonian pitchfork bifurcation. This bifurcation point can be regarded
as the point of generation of the nonlinear mode localization phe-
nomenon. In physical terms, parameter r represents the ratio of
coupling over nonlinear forces, and thus Fig. 2a shows that when
both beams oscillate in their first bending mode, nonlinear mode
localization occurs only when the coupling forces are weak and/or
the beam nonlinearities are strong.

The second class of nonlinear localized modes involves partici-
pation of only the second and third cantilever modes, i.e.,
an = a*\ -°» a*t * 0, p = 1, 2, and / = 2, 3. In this case, the internal

resonance between modes 2 and 3 greatly affects the topology of
the localized branches. For c-HL = 0.7650 (where / is the cou-
pling position), the branches of localized modes are depicted in
Fig. 2b. In each of the two diagrams the ratio of the modal ampli-
tudes (fl*/ f l*/)» * = 2, 3 is plotted vs the parameter 'k = (kL4/EI)/
03223. Again, it is observed that ]imK^0[a*i/a*i} = Q or «>,
7 = 2, 3, i.e., that as the coupling decreases and/or the nonlinearity
increases nonlinear mode localization occurs. As A, increases, the
localized modes become nonlocalized, until they coalesce with the
symmetric mode in a pitchfork bifurcation. An interesting feature
of mode localization in the presence of internal resonance is its es-
sential dependence on the position of the coupling stiffness. In-
deed, when c = l/L is close to 0.783, the value corresponding to the
node of the second (lower) cantilever mode, a complicated se-
quence of bifurcations of certain solution branches takes place.18

Additionally, it can be shown that high modes are more susceptible
to nonlinear mode localization than lower ones. In Fig. 3, the val-
ues of the coupling stiffness at the points of generation of the lo-
calized mode branches are plotted as functions of the position of
the coupling stiffness. Both categories of localized solutions are
depicted, and it can be seen that localization for modes 2 and 3 is
generated at much higher values of the coupling stiffness than for
mode 1. Similar results hold for higher modes. It is concluded that
if the coupling stiffness is low enough to localize the first cantile-
ver mode, then it is sufficient to localize all higher modes; this re-
sult is in full agreement with existing theories on mode localiza-
tion of disordered, linear beam assemblies.4'5'16'17'23

The results presented in this section establish the existence of
stable nonlinear localized modes in the unforced flexible assembly
of Fig. 1. These modes were found to exist only for sufficiently
small coupling stiifhesses and/or large nonlinear forces. Moreover,
the nonlinear localization phenomenon becomes much more pro-
found for high-mode vibrations. In the next sections it will be
shown that, due to nonlinear mode localization, a spatial confine-
ment of a general class of externally induced transient impulses re-
sults. Thus, it will be proven that the symmetric two-beam nonlin-
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Fig. 3 Coupling strength at the point of generation of nonlinear mode
localization vs coupling position.
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ear system possesses passive motion confinement characteristics, a
result with no counterpart in existing linear theories.

III. Impulsive Motion Confinement,
Single-Mode Vibrations

Passive confinement of externally induced impulses in a dis-
crete nonlinear cyclic system was studied in Ref. 8, by employing
purely numerical techniques. To initiate the study of the motion
confinement properties of the nonlinear flexible system of Fig. 1,
excitations of the following form are assumed to be applied to the
two beams:

for 0 <r<eD

with similar expressions holding for the modal displacements qp^
and qp3, p = 1,2, of the higher modes. Complementing Eqs. (12) is
the set of initial conditions ^-(0) = 0, d[qpi(Q)]/dT=Q, p=l , 2,
/= 1, 2, 3, since at t = T=Q the system is assumed to be at rest. In
Eqs. (12), all depended variables are functions of T, and the new
forcing function is defined as

(13)

The response of system (12) is approximated using regular pertur-
bation expansions, i.e., by expressing the responses in the form

0<f<o (10)

Thus, a general impulsive excitation of duration eD is assumed to
act on beam 1, with a spatial distribution identical to that of the
first linearized cantilever mode. Beam 2 is not excited at this stage.
Forcing functions with more general spatial distributions will be
considered in the next section. Expressing the displacements vp(x,
f), p = 1, 2, in terms of the linearized cantilever modes, one obtains
the discretized set of forced ordinary differential equations (3).
Taking into account definitions (4) and (10), the forcing terms in
equations (3) assume the form

and substituting in Eqs. (12). By matching the coefficients of re-
spective powers of £, one determines the various orders of approx-
imation. Omitting the calculations, and transforming in terms of
the original time variable, the response of the system during this
phase is computed as

qn(t) =

(14)

F .(0=0 for t>zD (11)

where 8^ is Kroenecker's symbol. It is therefore concluded that, by
using the impulse distributions (10), it is ensured that only the first
cantilever mode of beam 1 is directly excited by the forcing distri-
butions (10). It is of interest to study the transfer of the energy of
the impulse from the directly excited mode to the other modes of
the system; clearly, spatial motion confinement of the external im-
pulse is achieved if and only if minimal amounts of vibrational en-
ergy eventually "leak" to the modes of the unforced beam 2.

In the previous section, it was found that a low-order internal
resonance exists between the second and third cantilever modes;
moreover, the first cantilever mode was found not to possess any
nonlinear coupling with any higher modes. Hence, no energy
transfer is expected to occur from the directly excited first mode of
beam 1 to any other higher modes of the two beams, and thus the
only possible energy exchange is anticipated to take place only be-
tween the first cantilever modes of the two beams. This theoretical
prediction will be verified in the following analysis. The dynamics
of the forced system (3) will now be analyzed by examining the
modal responses in two distinct phases. For the sake of simplicity,
the analysis is limited to n = 3 cantilever modes per beam.

Phase l ,0<f<£D
During this phase, the applied force is nonzero, and the response

is asymptotically approximated by introducing the new time T, de-
fined by t = e7\ The range of values of the new time variable during
this phase of the motion is Q<T<D. Expressing the time deriva-
tives in Eq. (3) in terms of the new variable T, the governing equa-
tions for the modal amplitudes are written as follows:

Mode 1:

drzi = e - i *

2 2 3
3 3 3

X £ ^Lia\bik(ipbcipk(ipb=i * = i / = i
P = (12)

q t j ( t ) = 0 (e4), = 0 (£3), otherwise

Hence, the analysis predicts that for 0<t<zD (the duration of the
impulse) the response of the system is mainly determined by the
impulse itself and not by any structural parameters (the system
"does not have time to oscillate"). Note that the velocity of the di-
rectly excited mode is of 0(1), whereas the response of all un-
forced modes are orders of magnitudes smaller than that of the di-
rectly forced mode. The resulting physical motions of the two
beams are given by

for 0<r<£D (15)

where the previously introduced scaling of the transverse displace-
ments vp (x, t) — > £ (x, t), p = 1, 2, was taken into account.

Phase2,f>£D
During this phase of the motion, the impulse ceases to apply,

and thus the system performs free oscillations, with initial condi-
tions determined from Eqs. (14). Introducing the time translation
t = t - £D, the governing equations (3) are expressed as

3 3 3

*pi

dr

3

2, Yi*
k=i

p = 1,2, i = 1,2,3 (16)

where differentiation is carried out with respect to r, and qpi =
qpi(i). From Eqs. (14), the set of initial conditions complementing
Eqs. (16) is
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and qpi(0) = 6(z4), and qpi(Q) = 6(z3), otherwise. Since Eqs. (16)
represent free oscillations of the system, their solutions can be ana-
lytically approximated by the multiple scales singular perturbation
analysis outlined in Sec. II. To this end, the modal responses are
expressed according to Eq. (5), with time scales T0= t and Tl = ef.
Introducing the transformations A^T^ = (1/2) api(T{) ejQp*(Ti},
p = 1, 2, /= 1, 2, 3, the modulation equations (7) governing the real
amplitudes api(Ti) and angles 6^(7^) are obtained. To compute the
amplitude and phase modulations of the response, one should
solve Eqs. (7), with initial conditions

an(0) = - ds

02i(0) = 0, e11(0) = ±7C/2, 621(0) = 0, api(0) = Q, otherwise. The re-
sulting physical motions of the beams are then approximated by

, p=l,2
(17)

+e,,[e(f-eD)]}+G(e)>|>,00.

Considering the structure of Eqs. (7b) and (7c), it can be mathe-
matically proven that if ai2(Q) = al3(Q) = a22(Q) = a23(Q) = Q, then
au(T]) = al3(Tl) = a22(Tl) = a23(T1) = Q, V7V Therefore, in this
case, the modulation equations (7) can be reduced into the follow-
ing set:

a'n = (7/2a>) 021sin(821-en)

a'2l =- (7/2(0) 0nsin (821 - 0n)

(7/2a>)an

- (7/2co) fl21cos(821-8n)

fl21921 - 4 + (Y/2co)fl21

- (7/2co) fl11cos(821-811) (18a)

where primes denote differentiation with respect to the "slow
time" TI, and the simplified notation, cc = < 2 n i l , P = £ l ln , and
7 = 7n , is adopted from now on. Hence, it is proven that the only
possible energy transfer is between the first modes of the two
beams and that no other energy exchange involving higher modes
occurs. To investigate the energy transfer between the modes of
beams 1 and 2, one needs to integrate Eqs. (18a). Define at this
point the quantity

= 7/{[(3oc/2)-(pco 2 ) ]p}

where

p = ds

Parameter / is recognized as the ratio of the coupling over the
product of nonlinear forces and the energy of input p. It will be
now shown that, for 7«1, the response of the system can be ana-
lytically approximated. This is achieved by expressing the ampli-
tudes and angles as

m = 0

and substituting into Eq. (18a). Matching terms proportional to the
same power of 7 leads to the following analytical expressions for
the amplitude modulations:

an (7\) = ± (2p - (72/p) sin2 { [ (3a/4^)

-(Poy2) ]P
2r1}+0(73))

a2l (7\) = ± (-27 sin{ [ (SaMo^)

- (paV2) ] p27\ } +0(72)) (7«1) (18b)

Similar analytical expressions hold for the angles 8pl(7\). Solu-
tions (18b) predict that when 7«1, the transient impulsive re-
sponse of the system is mainly confined to the directly excited
blade, since an(T])»a2l(T]). Now, based on the results of Sec.
II, the condition 7«1 (weak coupling and/or strong nonlinearities
and/or strong impulsive excitations) is also recognized as the con-
dition for the existence of localized nonlinear modes in the system.
It is therefore concluded that when the system possesses nonlinear
localized modes, it also possesses passive motion confinement
properties: when an external impulse acts at one beam of the sys-
tem, the disturbance remains spatially confined to its point of ap-
plication, and only a small portion of the injected energy leaks to
the unforced beam. Moreover, from Eq. (18b), it is predicted that
the responses of the forced and unforced beams contain 0(72) and
0(7) amplitude modulations, respectively. This is consistent with
energy conservation considerations. Indeed, from Eq. (18b), a di-
rect computation gives a2

n(Tl)+ a2
1(r1) = 4p2 + 0(73). Correct to

0(e), this relation can be shown to represent conservation of ener-
gy of the free, undamped system under consideration.28 It must be
stated that the analytic approximations (18b) hold only for small
values of the quantity 7.

As 7 increases to finite values, i.e., when the coupling increases
and/or the nonlinear forces decrease, one needs to resort to numer-
ical integrations to compute the solutions of system (18a). The nu-
merical integrations verify the theoretical predictions. The numer-
ically computed amplitude modulations for a = 40.44, p = 4.59,
e = 0.5, co? = 12.38 (rad/s)2, and p = 0.1421 are depicted in Fig. 4.
For the sake of clarity, only the "lower" pair of modulations is
shown. The parameter 7 was varied by changing the coupling vari-
able 7. For 7«1, the modal amplitude of the unforced beam 2 is
small, whereas the directly excited beam undergoes a modulated
oscillation close to its initial amplitude value,

a 1 1 (0 )=- ( l /C8 1 ) f h(s) <fc(-2p)Jo

O(e) Amplitude Modulations

-0.1 --

-0.4
50 100 150 200 250 300 350 400

Slow Time

Fig. 4 Single-mode oscillations and amplitude modulations computed
by numerically integrating the reduced set of modulation equations
(18a): 1) 7 = 0.0142, 2) J = 0.0426, 3) 7 = 0.0924, and ————,
7=7cr = 0.0711.
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Hence, for /« 1, passive motion confinement of the impulse to
the directly excited beam is observed. As / increases, the ampli-
tude <22i °f me unforced beam grows, indicating an increased trans-
fer of energy out of the directly excited beam or, equivalently , a di-
minishing of the motion confinement capacity of the system. At a
critical value, J=JCT = p/2, all vibrational energy of the directly ex-
cited beam is eventually transferred to the unforced one. For val-
ues of/ above the critical value, energy is continuously transferred
between the two beams, and the system does not possess passive
motion confinement properties anymore. To verify the results of
the multiple scales analysis, an impulsive distributed excitation of
magnitude

(l/e)Fn(0 =

and duration &D = 0. 1 s was applied to beam 1 , and the structural
parameters were assigned the values £ = 0.5, a\\\\ — 40.44,
fcmi=4.59, Yi i = 0.02, 0)! = 3.51 (rad/s), and 7=0.0367 «1; the
response was numerically computed by directly integrating the dif-
ferential equations of motion (3) with qn = ql3 = #22 = #23 = -0» an^
assuming zero initial conditions at f = 0. In Fig. 5a the responses of
the two beams are shown as functions of time, and in Fig. 5b a pro-
jection of the phase space of the motion is depicted. Note that the
energy of the injected impulse is mainly confined to the directly
forced beam, according to theoretical predictions. The amplitude
of the unforced beam can be further diminished by decreasing the
coupling stiffness and/or increasing the nonlinear coefficients. For
comparison purposes, the theoretically predicted amplitude modu-
lations (18b) are also presented in Fig. 5c. Clearly, the asymptotic
theory agrees well with the numerical computations for this low
value of /. Note that, in the absence of nonlinearities, all injected
energy is continuously transferred between the forced and un-
forced beams, in the well-known "beat phenomenon." Hence, the
detected passive motion confinement phenomenon is attributed to
a balance between linear coupling, geometric nonlinearities of the
system, and impulse strength.

Summarizing, the results of this section prove that, for small
values of the parameter / (i.e., for small coupling stiffness and/or
large nonlinear forces), impulsive forces with spatial distributions
identical to the first cantilever mode become spatially confined to
the directly excited beam. The only possible energy exchange in
this case is between the first modes of the two beams, and no
higher modes are indirectly excited. As J increases, the amount of
energy leaking to the unforced beam also increases, and the pas-
sive motion confinement of the induced disturbance becomes less
profound. For / greater than a critical value no motion confine-
ment becomes possible anymore. In the next section, the effects of
higher cantilever modes on the motion confinement properties of
the system are investigated.

IV. Impulsive Motion Confinement,
Multimode Vibrations

To study the motion confinement properties of the system for
applied impulses of general spatial distribution, the forcing terms
in the equations of motion (1) are now assumed in the form

O forO<f<e£>

(19)F2(jt,f) = 0, 0<r<o

leading to the following modal excitations for the discretized equa-
tions (3):

F l f ( 0 ' = 0 forf>e£>

0, i = l ,2,3

50 100 150 200 250 300 350 400

Timet

0.4
q21(t)

50 100 150 200 250 300 350 400

Timet

c)

50 100 150 200 250 300 350 400

Time t

(20)

Fig. 5 Single-mode oscillations and amplitude modulations computed
by a) direct integrations of the equations of motion and time responses,
b) direct integrations of the equations of motion and responses in a
projection of the phase space, and c) theoretical results, Eq. (18b).
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The modal responses can be computed by solving the set of Eqs.
(3), with zero initial conditions at f = 0. To achieve this, the analyt-
ical methodology employed in the previous section is used, and the
dynamic response is computed in two distinct stages.

Phase 1,
During this phase, the applied force is nonzero, and the regular

perturbation analysis outlined in the previous section is followed
to show that

q2i(t) = = 0(e3) , /=1,2,3 (21a)

(21b)

Expressions (21) and (22) are used to determine the initial condi-
tions for the ensuing free response of the system during the next
stage of the motion. The physical motions of the beams during this
stage of the motion are given by

V j (x, t) « ̂  (x) qu (t) + <(>2 (x) q12 (t) + <|>3 (*) ql3 (t) + 6 (£3)

v2(*,0 (22)
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Fig. 6 Multimode oscillations and amplitude modulations computed
by numerically integrating the general modulation equations (7).

Phase2,f>eD.
During this phase of the motion, the impulse ceases to apply,

and the system performs free oscillations. Introducing again the
time translation ? = t-zD, expressing the modal amplitudes ac-
cording to Eq. (5), setting

api(Tl)exp(jQpi(Tl)],p= 1, 2, i = 1, 2, 3

with TI = 8?, and eliminating the "secular terms" in the 0(8) equa-
tions of motion, one obtains the governing modulation equations
(7). In this case, the initial conditions for the modulation equations
are given by

a,,.(0) =-( I/CD,) (%,.(«) drJo

62.(0) = i = l ,2,3

The physical responses of the two beams are given by expressions
(17). Assuming that the coupling stiffness is positioned at l=L (see
Fig. 1), one obtains that yn =722 = Yss = Y- The numerical values of
the coefficients T|/7- of Eqs. (7) are listed in the Appendix, and nu-
merical solutions of these equations for 8 = 0.5, an(0) = — 0.2842,
a12(0) = - 0.0200, and 013(0) = - 0.0050 are depicted in Fig. 6 for
varying values of the coupling parameter y. The solutions of the
modulation equations occur in opposite positive-negative pairs,
and in Fig. 6 only the negative values of the modulations are pre-
sented.

In Fig. 6a, the amplitude modulations of the second modes of
the forced and unforced beams are presented. Note that motion
confinement of the second mode exists even at relatively high val-
ues of the coupling parameter (y= 1.0, 2.0), whereas complete en-
ergy transfer between the second modes of the two beams occurs
for y=4.0. In Fig. 6b, the corresponding amplitude modulations
for mode 3 are shown, and it is observed that very strong spatial
confinement of the energy of mode 3 occurs even for values of the
coupling parameter as high as y=4.0. Similar calculations (not
shown here) indicate that complete transfer of energy between the
first modes of the two beams occurs only at values of the coupling
as high as y=4.0, whereas for y=2.0, some small spatial confine-
ment of the energy of mode 1 of the forced beam still exists. These
values of y should be compared with the critical value y = 0.03873
(see previous section), for which complete energy transfer occurs
between the first modes of the beams, when they alone are excited.

It is concluded that when three modes of the directly forced
beam are simultaneously excited, spatial localization of the im-
pulse occurs over a wider range of values of the coupling parame-
ter, and thus the system possesses more profound motion confine-
ment characteristics. Moreover, higher modes provide more
effective passive confinement of the induced motion, a feature that
is to be expected, since such modes localize much easier than
lower ones.

V. Discussion
In this work it was proved that a geometrically nonlinear and

weakly coupled system of beams can possess passive spatial mo-
tion confinement properties. The presented analysis employed reg-
ular and singular perturbation techniques, combined with numeri-
cal integrations of the corresponding modulation equations. For
motions of the beams in their first cantilever mode, it was found
that spatial motion confinement of the induced disturbance occurs
when the linear coupling is sufficiently small and/or the nonlinear
effects large and/or the impulse excitation is strong. In fact, the
weaker the impulse strength, the stronger the ratio of coupling to
nonlinear forces should be to achieve passive motion confinement.
When higher modes are taken into account, the motion confine-
ment becomes more evident.

Although the analysis presented herein dealt with a configura-
tion of only two beams, the obtained results can be extended to a
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more general class of multiple connected flexible systems with or
without symmetry. By designing such systems so that their cou-
pling stiffnesses are small or/and their geometric nonlinearities
large, applied impulses are ensured not to "spread" through the en-
tire structure but to remain confined to the subsystem where they
are originally applied. Note that this confinement of vibrational en-
ergy is purely passive and is solely due to orbitally stable localized
nonlinear modes of the system. The implications of such a dynam-
ical feature are profound. Indeed, a system whose inherent dynam-
ics lead to motion confinement of external disturbances is much
more amenable to active or passive isolation than a structure pos-
sessing "extended" dynamic modal responses (i.e., motions during
which all of its substructures vibrate with finite amplitudes).
Therefore, the class of nonlinear systems under consideration in
this work are expected to possess enhanced controllability fea-
tures, since in the planning of passive or active control algorithms
one needs only consider the dynamic response of only a limited
number of substructures instead of the whole system; however, is-
sues of performance, "spill-over," and robustness must be ad-
dressed in such active designs. The development of active control
techniques for shock and vibration isolation of the class of nonlin-
ear systems discussed in this work is the focus of current research
by the author and co- workers.

Appendix: Numerical Values of the
Coefficients of Eqs. (7)

Using the definitions (8) and (4), and taking into account that
the linearized cantilever eigenfunctions are given by

tyt (x) = cosh \|/..x-cos \jj.jc + N (\|/-) (sinh Xj^jt - sin \|f -;c) (Al)

where N(\^t) = (sin x^-sinh \|/;)/(cos x^ + cosh Xft), and cos Xft
cosh \|/z = — 1, the various coefficients in Eqs. (7) assume the fol-
lowing numerical values:

Tin = -7.69,

r|22= 100271.71,

2=ii21 = 1114.79, 3 = Tbi = 15916.42

3 = r|32 = 75688.97, 1133 = 6816895.85

=-13715.76, 5=-7566.34 (A2)
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